We demonstrate that the indirect interband generation of photons in the optically or injection pumped graphene bilayer (GBL) heterostructures with an array of metal particles (GBLs "decorated" by metal particles) with population inversion can surpass their intraband (Drude) absorption. This can result in rather large absolute values of the negative dynamic terahertz (THz) conductivity in a wide range of frequencies at room temperature. This effect enables the creation of novel THz lasers based on the decorated GBLs.
Introduction
The population inversion created by optical or injection pumping in graphene layers (GLs) and graphene bilayers (GBLs) with a zero energy gap opens up the possibility of the negative dynamic conductivity in the terahertz (THz) range of frequencies [1] [2] [3] [4] .
The THz gain in the pumped GLs was demonstrated in a number of papers [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] . Both GLs and GBLs, as well as multiple GL heterostructures with the non-Bernal stacked (twisted) GLs can be used in such THz devices [1] [2] [3] [4] [16] [17] [18] [19] [20] [21] [22] .
The possibility of the THz lasing arises when the contribution of the interband radiative transitions (both direct and indirect) to the real part of the dynamic conductivity Reσ at a certain frequency surpasses the contribution of the intraband radiative processes.
We have shown recently [23, 24] that the indirect interband transitions in GLs and GBLs with a longrange natural or artificial disorder can compensate or even prevail over the indirect intraband transitions. This leads to large values of |Reσ|, even exceeding the fundamental limits of the THz conductivity associated with the direct transitions: σ Q = e 2 /4ћ for GLs and 2σ Q for GBLs, where e is the electron charge and ћ is the Planck constant. Thus, implementing an artificial disorder in GLs and GBLs, leading to the dominance of the carrier scattering with relatively small variations of their momenta, can liberalize the conditions of the negative THz conductivity. In this paper, we propose the GBL-based heterostructures with a spacer layer and an array of metal particles on that layer (see Fig. 1 ). This array plays the dual role: first, it provides electron or hole transfer (depending on the metal band parameters) to the GBL and, second, boosts the carrier scattering in the GBL. Due to the finite size of these particles and their remote placement, their scattering potential can be rather long-ranged [25, 26] , providing a pronounced modification of the carrier scattering.
Similar "decorated" GBL (D-GBL) heterostructures were fabricated and used for some devices [27, 28] . Using a simplified device model, we calculate the real part of the dynamic conductivity, Reσ, and its components associated with the intraband and interband radiative processes, and , as functions of the radiation frequency, the density of the array of metal particles, the particle size, l m , and the spacer thickness, d.
Device model and main equations
We consider D-GBL heterostructures with the interband population inversion caused by the injection (or optical) pumping. Figure 1 shows a schematic view of this D-GBL heterostructure (with the side injection contacts). For definiteness, we consider the D-GBL heterostructures in which the residual doping of the GBL (by acceptors) with the density Σ A is compensated by the electrons transferred from the metal array (i. e. the metal array plays the role of the remote donors). It is assumed that the charge density in the metal array eZ m Σ m is equal to eΣ A , where eZ m is the charge of a metal particle in the array.
Possible band opening and the effect of energy spectrum nonparabolicity are disregarded [29, 30] and the energy spectrum is assumed to be ε p = ±p 2 /2m [1] , where m is the effective mass of electrons and holes in the GBL.
The real part of the net dynamic conductivity in the in-plane direction, Reσ, is the sum of the contributions associated with one direct (vertical), Reσ d , and two types of the indirect, and :
.
The quasi-Fermi energy of both electrons and holes under sufficiently strong pumping is equal to ε F ≃ πћ 2 Σ/m (ε F >> T, where T is the effective carrier temperature T.
The quantity Reσ d /σ Q is given by [4, 31] , (2) where γ 1 ≃ 0.35-0.43 eV is the inter-GL overlap integral. In the most practical case ћω, T << ε F , Eq. (2) yields Reσ d ≃ -2σ Q .
To calculate the conductivity components and , we use the Fermi golden rule accounting for the scattering potential in the form (3) for the discrete acceptors in the GBL and the donor type metal particles in the GBL. Here q = |p-p′|, κ is the effective dielectric constant (i. e. the halfsum of dielectric constants of the spacer material, κ sp , and the substrate, κ sub :
is the Thomas-Fermi screening wave number [33] . The latter is independent of the carrier density due to the two-dimensional and parabolic character of the carrier spectra. Actually, the potential distribution created by metal particles, in particular, in the form of oblate highly conducting spheroids [33] corresponds to a more complex dependence of |V(ћq)| 2 on q than that in Eq. (3). However, for the sake of simplicity we assume the q-dependence given by Eq. (3).
In the D-GBL heterostructures with metal particles, Z m = CV m /e, where C is the capacitance of the metal particle and V m is the built-in voltage between the GBL and the metal particle. For the oblate disk-like metal particles, we put C = κ sp l 2 m /16d, where l m is considered as the metal particle (spheroid) diameter.
The scattering matrix element depends on the background dielectric constant κ = (κ sp +κ sub /2), where κ sp and κ sub are the dielectric constants of the spacer and the substrate (the layer beneath the GBL), respectively, in particular via the dependence of q TF .
As a result, in line with the previous calculations [23, 24] we arrive at the following formula: 
Here , , so that the aver age momenta transferred by the electrons and holes to the scatterers at the intraband and interband transitions are equal to -Q = (Q max -Q min )/2 ≃ . As follows from Eq. (4), the relative contribution of the indirect interband processes to the THz conductivity is given by . 
Results
Figures 2, 3, and 4 show the frequency dependences of the indirect process contribution to the THz conductivity calculated for the DGBLs with the HfO 2 spacers and the hBN (SiC) and HfO 2 substrates and different sizes of the metal particles and the spacer thickness d. It is assumed that ε F = 60 meV and V m = 0.4 eV. One can see that the absolute value of the contribution of the indirect interband processes to the THz conductivity (which is negative) can exceed that of the indirect intraband processes (corresponding to the Drude absorption) and, hence, becomes negative in a certain range of the frequency. The former contribution markedly increases with decreasing the spacer thickness d (compare Figs. 2 and 3 ). This is because smaller values of d correspond to a larger capacitance C and, consequently, to higher charges of the metal particles. The latter, in turn, leads to the reinforcement of the carrier scattering on a long-range potential of these particles. An increase in the effective dielectric constant κ (due to an increase in the substrate dielectric constant κ sub ) results in a weaker screening of the scattering potential and, hence, a smoother scattering potential (compare Figs. 3 and 4) . The same takes place if the charged metal particles become larger. As seen from Figs. 2-4 , the relative contribution of the indirect interband processes varies from being small at small l m (when the scattering potential is relatively sharp) to dominating at sufficiently large l m . The reinforcement of the negative contribution to the net THz conductivity associated with the indirect interband transition leads to a shift of the frequency ω 0 /2π at which this conductivity changes its sign to somewhat smaller values.
Thus, the "decoration" of the GBL heterostructures can provide the situations when under the pumping conditions the indirect interband processes in D-GBL heterostructures not only compensate the Drude absorption but also result in a substantial increase in the modulus of the negative THz conductivity, i. e. higher THz gain in the D-GBL-based lasers.
Conclusions
We proposed to use the GBLs decorated by the arrays of metal particles. Such particles play the role of remote donors (or acceptors) for the active region of THz lasers based on such D-GBL hetero struc tures and using the interband transitions under the injection (or optical) pumping. The interaction of the injected carriers with the long-range scattering potential created by the array of charged metal particles in such D-GBL can result in the dominance of the indirect (scattering assisted) interband radiative processes over the indirect intraband (Drude) processes. This might result in the enhancement of the THz gain in the D-GBL lasers and in the shift of the spectrum toward smaller (a few THz) frequencies. 
